Accurate mass-interpolation and mass-asymptotic formulas are derived for one-and two-center three-body ions with unit charges. The derived formulas are applied to predict accurate numerical values of the total energies of the ground (bound) 1 1 S(L = 0)−states in one-center atomic ions X + e − e − and analogous ground (bound) 1sσ−states in the two-center, quasi-adiabatic (or quasimolecular) X + X + e − ions. We also discuss a few problems which currently remain unsolved for the Q −1 expansions constructed for the ground (bound) states in few-electron atoms and ions. PACS number(s): 36.10.-k and 36.10.Dr
to an additonal physical symmetry in the system. For instance, for the three-body Ps − ion one findsQ (Ps − ) = Ps + , which is a different physical system, while for the four-body Ps 2 quasi-molecule we always haveQ (Ps 2 ) = Ps 2 , and, therefore, this operator (Q) represents an additional internal symmetry of the Ps 2 system.
In this study we apply the atomic system of units, where m e = 1, e = 1 andh = 1. In these units the Hamiltonian, Eq. 
The formula, Eq. . Note that the minimal particle mass in the both these cases equals m e . The general theory of bound states in the Coulomb three-body systems with unit charges was developed more than 25 years ago in [3] , [4] and [5] . Some fundamental facts from that theory will be used in our analysis below.
Our main goal in this study is to derive a number of simple, reliable and numerically stable interpolation and asymptotic formulas for the total energies of the ground states in one-and two-center three-body ions with unit charges. To derive such formulas in this study we shall apply numerical data from highly accurate computations of a large number of these ions. We also discuss a number of different situations which can be found for different
Coulomb three-body systems, including the one-center atomic ions X + e − e − and two-center (but one-electron!) X + X + e − ions. In particular, we show that the 1 M series, which are used to represent actual computational data, should be constructed in the different forms for oneand two-center three-body ions with unit charges. Briefly, in this study we want to improve drastically our eralier results obtained for some of these atomic systems 30 years ago [2] .
We also consider a few problems which currently exist for the Q −1 expansions developed for the total energies of the two-, three-and four-electron atoms/ions. Such Q −1 -expansions were known (and used) in atomic physics, since the middle of 1930's when Hylleraas and later Bethe published their first papers about Q −1 -expansions for atomic systems (see, e.g., [6] and references therein). In our study we restrict ourselves to a few aspects of this old problem. Nevertheless, conclusions made below allows one to simplify future applications of the Q −1 expansions for actual few-electron atomic systems and improve their overall accuracy.
II. GENERAL THEORY
To investigate the mass-dependence of various expectation values Ψ | A | Ψ upon three particle masses one can directly use these three masses m 1 , m 2 and m 3 as the actual parameters of the Coulomb three-body problem. However, in a large number of cases such a choice leads to a number of complications, since the area of mass variations is not restricted by any condition and each mass varies between 1 (or m e ) and +∞. This is not convenient in many applications, e.g., for graphical representation of the numerical results. As was found in a number of earlier studies it is more appropriate to apply a system of different parameters some of which vary between the two finite numerical values, i.e. they are the 'compact' parameters. For instance, below for an arbitrary Coulomb three-body system we choose three parameters α, β and γ which are defined as follows:
where
. The inverse relations take the form
Note that the two parameters β and γ are the dimensionless, compact parameters, while the first parameter α is a mass-dependent parameter which is proportional to the minimal particle mass. Without loss of generality, below we shall assume that such a minimal particle mass coincides with the electron mass m e . The compact parameter γ is often called the factor of assymetry (or parameter of assymetry).
As mentioned above, in this study we restrict ourselves to the analysis of symmetric three-body systems, e.g., X + e − e − and X + X + e − ions and/or atoms. For such systems the parameter of assymetry (γ) equals zero identically. Furthermore, in this study our main goal is the investigation of the total energies E of a number of the Coulomb three-body systems and their dependencies upon the masses of particles included in the system. The total energy of some bound state is the expectation value of the energy functional
where Ψ is the unit norm wave function of this bound state and H is the Hamiltonian of this system. In other words, the total energy E is the expectation value of the Hamiltonian H of the system computed with the bound state wave function Ψ which is the solution of the non-relativistic Schrödinger equation HΨ = EΨ. Investigation of other expectation values Ψ |Â | Ψ can be performed analogously. HereÂ is an arbitrary self-adjoint operator defined for this three-body system. In Quantum Mechanics the total energy of an arbitrary atomic (or Coulomb) system is always proportional to the electron rest mass, i.e. E = am e , where a is a numerical constant. If the total energies of bound states are expresed in atomic units, then the coefficient a equals e 4h−2 . Now, we can write the following formula for the total energies of the one-center symmetric
where y = 1 M and F (x) is a regular (and real) function of the real argument x, while M is the mass of the central quasi-nucleus X + expressed in the electron mass m e , i.e. m X = Mm e = M (in atomic units). As follows from Eq.(5) the total energy E of any . To derive the explicit form of the F (x) function, Eq.(5), we need to apply our numerical data obtained in highly accurate computations of actual three-body X + e − e − ions. This task is considered in the next Section.
Analogous formula for the total energies E of the symmetric two-center X + X + e − ions takes a slightly different form
where y = The explicit form of this function is determined in Section IV. For the two-center X + X + e − ion the parameter (or mass) M coincides with the mass of one quasi-nuclei X + , which is expressed in the electron mass m e . The inverse mass of the 'heavy' particle y = 1 M is the small parameter which is used in our interpolation and asymptotic series, including
Eq. (5) and Eq.(6). However, despite some similarities between the one-center X + e − e − ions and two-center, adiabatic X + X + e − ions, there are a number of principal differences in the explicit form of the E(α, β) functions used to represent the total energies in each of these cases. These differences are explained in detail in the next two Sections.
III. ONE-CENTER TWO-ELECTRON IONS
In this Section we consider the two-electron X + e − e − ions. Note that all electrically charged particles in such ions have unit charges. Here we want to derive the explicit formula
for the E = αf (β) function, Eq. (5), which represents the total energies of the ground 1 1 S e −states in these ions. In atomic units the formula for the E = αf (β) function, Eq. (5), is written in the form
where α and β are the continuous functions of y (see above), y = Tables I and II) we apply numerical data obtained for 25 different ions. This allows us to determine 15 -21 first coefficients in the formula, Eq.(7). In Table III we present only twenty (first) coefficients in Eq.(7).
As follows from Table III an obvious disadvantage of the interpolation formula, Eq. (7), is the distribution of numerical values of the B i coefficients in this formula. Indeed, such a distribution is desribed by a function which has the bell-shape form (see Table III ). Note also that the series, Eq. (7), always contain an infinite number of terms even for y = 0 (the ∞ H − ion) and for y = 1 (the Ps − ion). This is not convenient for theoretical analysis in a number of actual cases. Therefore, it is better to develop a different new interoplation formula, which can also be used as the asymptotic formula. This can be made in a number of ways. One of these method, based on the results of our earlier approach [2] , is described here. In this approach the asymptotic-interpolation formula is written in the form
where Tables I and II) . In many applications the formula, Eq. (8), is more convenient since for M X = ∞ it contains only one term. Formally, the maximal accuracies for the both interpolation formulas, Eqs. (7) and (8) The interpolation formula, Eq. (7), can be applied to represent the total energies E of all three-body X + e − e − ions for y is bounded between 1 and 0 (or M = 1 y bounded between 1 and ∞). However, in some astrophysical studies, the total energies and other bound state properties of the hydrogen H − ions (isotopes) and systems close to them, e.g., the Mu − ion, are of great interest. For such systems we can replace the interpolation series, Eq. (7), by the corresponsing asymptotic series (in atomic units)
which, in general, is more effective in applications to the H − ions and similar quasi-adiabatic systems. To derive the last formula we need to consider the term t = 
To obtain the b k coefficients in this formula we need to use data from numerical computations of a number of actual H − ions. In reality, we have only three hydrogen ions with the finite (but very large!) nuclear masses:
tritum. Highly accurate values of the ground state energies in these three ions are presented in Table II (all results are given in atomic units). In our numerical calculations of these ions we used the following 'recent' nuclear/particle masses used in these computations: Results of highly accurate computations of the ground 1 1 S−states in these six one-center ions (in atomic units) can be found in Table II . Numerical data from Table II were 
A. Computational Method
In all highly accurate computations of the ground (bound) 1 1 S−states of the two-electron X + e − e − ions and 1sσ−states of the one-electron X + X + e − ions performed in this study we apply our 'universal' exponential variational expansion [7] which is written in one of the two following forms (see, e.g., [7] and earlier references therein)
which is called the three-body exponential variational expansion in the relative coordinates r 32 , r 31 , r 21 , or
where u 1 , u 2 , u 3 are the three perimetric coordinates and all 6N−non-linear parameters
Optimization of these non-linear parameters and construction of the 'short-term' cluster wave functions are described in detail in [7] (see also earlier references therein). The perimetric coordinates have been introduced in physics of three-body systems by C.L. Pekeris in [8] . These three coordinates are simply (linearly) related to the relative coordinates
where r ij = r ji . In contrast with the relative coordinates r 32 , r 31 , r 21 the three perimetric coordinates u 1 , u 2 , u 3 are truly independent of each other and each of them varies between 0 and +∞. This drastically simplifies analytical and numerical computations of all threebody integrals which are needed for solution of the corresponding eigenvalue problem and for evaluation of a large number of bound state properties in an arbitrary three-body system. In actual applications the three last non-linear parameters (i.e. the δ i , e i , f i parameters) in each of the basis function in Eq. (13) can be chosen as arbitrary real numbers (each of them can be either positive, or negative, or zero), while the first three non-linear parameters α i , β i , γ i must always be positive (real) numbers. The radial set of exponential basis functions must be a complete set. From here one finds a set of three additional conditions for the α i , β i , γ i parameters. It can be shown that the set of exponential 'radial' functions are complete, if (and only if) the three series of inverse powers of these parameters are divergent, i.e. the three following sums (or series):
IV. ADIABATIC TWO-CENTER IONS WITH ONE BOUND ELECTRON
For the two-center, quasi-molecular X + X + e − ions we cannot simply repeat our procedure developed above, since for these ions there are a number of important differences with the one-center X + e − e − ions considered above. First of all, it is clear that each of the X + X + e − ions has two very heavy nuclei (or almost immovable 'centers'), each of which is a positively charged, point particle. Briefly, we can say that in the limit M X → ∞ the 'consequence' of the X + X + e − ions converges to the truly adiabatic ∞ H + 2 ion which contains one bound electron. Therefore, the corresponding series constructed for the total energies and other expectation values are the asymptotic The actual Hamiltonians of the two-center X + e − e − ions are written in the following general from
where H 0 is the Hamiltonian of the truly adiabatic ∞ H + 2 ion, R is the inter-nuclear distance in this ion and V is the small perturbation which is a linear function upon the inverse nuclear
, where τ is the small parameter of this problem. Therefore, we can apply a simplified version of the complete theory developed in [9] (see, e.g., Chapter II, §1, Section 7). In the linearized version of the complete theory [9] all coefficients of the eigenvalue 
where K a is the maximal number of terms used in this series (K a can be finite, or infinite). and the Puiseux parameter q equals four. Any other value(s) of q will contradict the BornOppenheimer approximation. Finally, we obtain the following asymptotic formula for the total energies of the bound (ground) 1sσ−states in the one-electron quasi-adiabatic (or
where M is the mass of the model 'proton' expressed in the electron mass m e , K a is the total number of terms used to approximate the numerical data obtained in a series of K highly accurate calculations of the different X + X + e − ions. Note that the derivation of the formula, Eq. (17), is essentially based on the Born-Oppenheimer approximation. Applications of the series, Eq. (17), with q = 4 to the adiabatic two-center ions and close systems are discussed in the next Section.
V. COMPUTATIONS AND CONCLUSIONS
In this Section we discuss numerical results of our computations obtained for a large number of bound states in the one-center X + e − e − ions and two-center, quasi-molecular
Below our main attention is devoted to the two-center, quasi-molecular Table IV ). The overall accuracy of these our calculations can be evaluated as ≈ 1 · 10 −21 − 1 · 10 −22 a.u. For some three-body systems such an accuracy is even higher, while for other similar systems the overall accuracy of our calculations is slighlty lower. To construct the explicit mass-asymptotic formula, Eqs. (16) - (17), we also apply results of our earlier computations of the two-center, quasi-molecular X + X + e − systems obtained in [12] .
By using the numerical data from our highly accurate computations one can determine a number of coefficients in the interpolation and asymptotic series derived above (see, e.g, Eqs.(7), (9), (16) and Eq. (17) . In general, the more coefficients in such series can be determined, the better overall accuracy can be achieved for the interpolation and/or asymptotic series. However, in actual applications one always finds a number of restrictions.
First, the absolute values of coefficients in such series must decrease and decrease rapidly.
This means that the following inequalities for the coefficients in Eq.(17) must be obeyed:
In reality, such coefficients always begin to increase after some value of K = k m . Such a phenomenon is mainly related to the restricted accuracy of our numerical computations performed for the original systems (briefly, the accuracy of the original data). Indeed, the maximal numerical accuracy of prediction with the use of any interpolation and/or asymptotic formula cannot exceed the overall accuracy of the original data. In actual cases, such an accuracy of the asymptotic and/or interpolation series is always lower (and even substantially lower) than the accuracy of the original data.
The situation when the coefficients in Eqs. (16) - (17) begin to increase after some number k m is not rare and must be investigated carefully. Formally, if the C k coefficients increase (16) are smaller than we obsereved for q = 1 (see Table V ). Briefly, one can say that in all these cases, i.e. for q = 1 , 2 and 3, the series, Eq. (16) Table V ). For these values of q the asymptotic series, Eq.(16), do not converge, i.e. such series cannot be used to represent any actual computational data.
Therefore, we can assume that the actual Puiseux parameter q equals four in this case. It is interesting to note that the same conclusion is true, if the Puiseux parameter q in Eq. (17) can be chosen as an arbitrary real number. Results of numerical computations of the C k coefficients in the series, Eq. (16), for q = 3.75, 3.90, 3 .99, 4.10 and 4.25 can also be found in Table V. As folows from Table V (17), we have evaluated the total energies E of the two-center, quasi-adiabatic M H + 2 ions for a number of different (nuclear) masses M which vary between M = 50,000 m e and M = 10,000,000 m e . In fact, it is hard to imagine a point particle (or nucleus) with the electric charge +1 and nuclear mass M ≥ 50,000 m e . In other words, the problem of extrapolation of the total energies of the 1sσ−states in the M H + 2
ions to the masses M ≥ 20,000 m e considered here is of a restricted and pure theoretical interest only.
Numerical evaluations of the total energies of the ground (bound) 1sσ−states in the twocenter, quasi-adiabatic (or quasi-molecular) X + X + e − , where the 'nuclear' masses M vary between 50,0000 m e and 10,000,000 m e can be found in Table VI (a) all ions (or systems) bounded between the Ps − ion and ∞ H − ions, (b) the two-center, quasi-adiabatic (or quasi-molecular) X + X + e − ions close to the pure adiabatic ∞ H + 2 ion. It is shown that the total energies E for the ions of the first class (or (a)-class) can be approximated to a very good accuracy by the interpolation and asymptotic formulas, Eqs. (7) and (8) . Both these series contains the integer powers of inverse nuclear masses.
The corresponding asymptotic formulas for the second class (or (b)-class) include the Puiseux series, Eqs. (16) - (17) . These series are very accurate in applications to the actual X + X + e − ions where M X ≈ 5,000 -10,000 m e . We also discovered the new criterion which can be used in actual applications to determine the actual numerical value of the Puiseux number q in the asymptotic series. For the true Puiseux number all coefficients in the asymptotic series take their minimal (absolute) values possible. This simple creterion and numerical method based on this creterion can be very important in numerous applications, since the Puiseux series are often used to solve the system of differential equations with small perturbations, e.g., to determine the neutron's distribution(s) in various nuclear reactors, or predict trajectories of artificial satelites and other objects which move in the actual gravitational conditions. Unfortunately, the mentioned extremal properties of the truly Puiseux series were not known to me before this project started.
Appendix. On the asymptotic Q −1 -formulas for few-electron ions.
In this Appendix we discuss the interpolation Q −1 -series for the Coulomb few-body atoms/ions, where Q is the positive electric charge of the atomic nucleus Qe (expressed in e). The total number of bound electrons in each of these ions is fixed and it is designated below as N e . General theory of the Q −1 -series for atomic two-electron systems was created and extensively discussed in the middle of the last century, e.g., in [6] and [13] and references therein. Later the same problem was re-considered in a number of papers (see, e.g., [14] - [18] and references therein). Our main interest in this study is related to the two-, three-and four-electron ions and neutral atoms. In this Appendix we want briefly discuss the problem of negatively charged ions which exist for some few-electron atoms and ions. Such stable, negatively charged ions, e.g., the H − and Li − ions, can be found in the two-and four-electron atomic systems. The both these ions (H − and Li − ) are stable in their ground
The problem discussed here is formulated in the following form. Let us consider the consequence of atoms/ions each of which contains N e bound electrons (this number does not change), while the electric charge of the central nucleus Q (or Qe) is a variable. The
Hamiltonian of such a non-relativistic atomic system is written in the form
and i = 1, 2, . . . , N e . In atomic units this atomic Hamiltonian takes the form
Our goal below is to determine the total energies E and non-relativistic wave functions Ψ as the solutions of the Schrödinger equation for the bound states HΨ = EΨ, where H is the Hamiltonian of the atomic system, Eq.(19). The numerical parameter E is a real, negative number (i.e. E < 0) and Ψ is the unknown wave function. In general, it is clear that all negative eigenvalues E i and corresponding wave functions Ψ i of the Schrödinger equation are the analytical functions of the nuclear charge Q. Based on this fact we can derive the following interpolation formula for the total energies of the ground 1 S(L = 0)−states in a few-electron atoms/ions
where all unknown coefficients are the analytical functions of the total number of bound electrons N e only, i.e. they do not depend upon Q. In this study we restrcit ourselves to the analysis of two-, three-ans four-electron atomic systems. Furthermore, we consider the Q −1 -expansions only for the total energies of ground S(L = 0)−states in these few-electron ions/atoms. This means that for two-electron ions we discuss the singlet 1 1 S−states, while for the three-and four-electron atoms and ions we deal with the doublet 2 2 S− and singlet On the other hand, we have a number of alternative arguments and some of them are seri-ous. In particular, each of these negatively charged ions have only one bound (ground) state, while all positively charged ions and neutral atoms (with the same number of bound electrons) have an infinite number of bound states each. In other words, the bound state spectra of each negatively charged ion is finite, but analogous spectra of the positively charged ions and neutral atoms is the Hilbert-Schmidt spectrum [11] which converges to the dissociation (or ionization) limit. Therefore, despite some similarity between electronic structure of these atomic systems, in reality we deal with the different iso-electron quantum systems. Another argument follows from earlier attempts to construct highly accurate interpolation formula Eq. (20) . It was found in some earlier studies that, if we do not include the total energies of the two-and four-electron negatively charged ions, then the arising interpolation formula, Eq. (20), provides slightly better numerical accuracy for positively charged ions with larger nuclear charges Q.
Finally, by analysing all these 'pro-' and 'contra-' arguments we arive to the conclusion that the explicit form of the Q −1 -formulas is determined by the goal of the original problem.
For instance, if we want to approximate the total energies of bound states in heavy atoms and positively charge ions with large nuclear charges Q, then it is better to ignore all numerical data for the negatively charged ions which can be stable in this series of isoelectronic ions. However, if the aim of our numerical calculations is the derivation of the highly accurate Q −1 -expanion for light atoms and positively charged ions only, then it is obviously better to include in our computational data results obtained for the negatively charged ions (if they are stable). One actual example can be found in plasma physics, where there is a problem to describe the dense hydrogen-helim-lithium plasma at various temperatures. In such problems one needs to introduce the 'effective' nuclear charge Q of these atomic mixtures, which is a fractional number bounded between 1 and 3. In such cases it is better to use the Q −1 -expansion, Eq. (20), based on the results obtained, in part, for the negatively charged ions.
In Table VII a.u. Unfortunately, our computational method cannot produce relaible and stable results for the two-electron sodium ion and other similar two-electron ions with Q ≥ 11. Note also, that currently, there is a general theory of the Q −1 -expansions developed for few-electron atoms and ions (see, e.g., [14] - [18] and references therein) which allows one to derive closed analytical expressions for the coefficients b k (N e ) in the series, Eq. (20) . In general, all these coefficients are determined as the functions of Q and N e , where N e is the total number of bound electrons. As mentioned in [18] in order to solve this problem accurately and completely we need to obtain more accurate data for three-, four-and five-electron atomic systems. and Eqs. (8) , and b i -coefficients from the asymptotic formula Eq.(10) (in atomic units). (a) In this case the total energy of the ∞ H − ion is included in the set of basic data.
(b) In this case the total energy of the ∞ H − ion is excluded from the set of basic data.
